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Abstract

In this article we answer the complexity question of two dual criteria scheduling problems

which had been open for a long time. Both problems are single machine scheduling problems and

both have the number of tardy jobs as the primary criterion. However, the first problem has the

total completion time and the second one has the total tardiness as the secondary criterion. We

show that both problems are binary NP-hard.

1 Introduction

In the past, most of the research in scheduling has focussed on a single criterion. Numerous effective

algorithms and heuristics have been developed for these single criterion problems; see Pinedo [14] and

Brucker [1]. However, companies are usually faced with the problem of satisfying several different

groups of people. Woolsey [18] described a problem faced by the scheduler at a southwestern company

that needs to simultaneously satisfy both the customers and the salespeople. According to Panwalkar

et al. [13], managers actually develop schedules based on multiple criteria. Unfortunately, schedules

that are optimal for one criterion usually perform quite poorly for other criteria. Thus, there is a need
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for further research in multi-criteria scheduling problems, and indeed, these problems have received

more attention in the last three decades.

Consider a single machine scheduling problem, where � jobs are ready for processing at time
�
.

Each job � has a processing time ��� and a due date ��� . If � is a schedule of the � jobs, we let 	
� denote

the completion time of job � in � . If 	
���
��� , we say that job � is tardy and we let ������	��������
denote its tardiness. In addition, we use the variable ��� as an indicator that job � is tardy; in this case

��� is set to 1. On the other hand, if 	
������� , we say that job � is on time, and we let ����� �
and

����� � .
Most of the single criterion scheduling problems are concerned with minimizing the total comple-

tion time,  	�! ; the number of tardy jobs,  "��! ; the maximum tardiness, � max � max#$�%!'& ; as well as

the total tardiness,  (�%! . Following the notation of Graham et al. [6], the above scheduling problems

are denoted by )�*+*, 	�! , )�*+*- "��! , ).*+*/� max, and )�*+*0 (��! , respectively.

It is well known that the SPT rule (shortest processing time first) gives a schedule with minimum

total completion time. The SPT rule schedules jobs in ascending order of their processing times.

Maximum tardiness can be minimized by the EDD rule (earliest due date first), which schedules jobs

in ascending order of their due dates. A schedule with minimum number of tardy jobs can be obtained

by the Hodgson-Moore algorithm [12], which schedules jobs in ascending order of due dates. In the

course of scheduling, if there is a job, say � , that completes after its due date, then the longest job

currently in the schedule (including job � ) will be deleted from the schedule. The deleted jobs will be

scheduled after all the on-time jobs. While the above three problems are solvable in polynomial time,

unfortunately, minimizing total tardiness is binary NP-hard, as shown by Du and Leung [5].

In the literature, dual criteria scheduling problems have been studied under three approaches. The

first approach is to have one criterion designated as the primary criterion and the other one designated

as the secondary criterion. Here, we seek a schedule that minimizes the primary criterion and choose,

from among all the schedules that minimize the primary criterion, the one that also minimizes the

secondary criterion. The second approach is to efficiently generate the Pareto curve which enables the

decision maker to make explicit trade-offs between these schedules. The final approach is to minimize

a cost function which is a linear combination of the two criteria. In this article we consider only the

first approach. Although there are numerous work done under the second and the third approaches, we
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shall not dwell into them in this article.

Extending the notation of Graham et al. [6], we use ) *+* ��� * ��� to denote the single machine

scheduling problem, where ��� is the primary criterion and ��� is the secondary criterion. For example,

) *+*  	�!�*�� max denotes the problem where the primary criterion is maximum tardiness and the

secondary criterion is total completion time. As another example, ) *+*  ��! *  � ! denotes the

problem where the primary criterion is the number of tardy jobs and the secondary criterion is the total

tardiness.

As early as 1956, Smith [16] developed a polynomial-time algorithm for the problem ) *+*� 	 !�*
� max � �

. Heck and Roberts [11] extended the algorithm to solve ) *+*  	 ! *�� max, while Emmons

[10] extended it to solve ) *+*  	�!�* max#	� !�
 	�!
� & , where � !�
 	�!
� is an arbitrary nondecreasing penalty

function for job � .
In 1975, Emmons [9] studied the problem ) *+*  	 ! *  ��! . He proposed a branch-and-bound

algorithm which in the worst case runs in exponential time. Complexity question was not addressed

in [9]. Later, Chen and Bulfin [2] proved that the problem is NP-hard with respect to id-encoding. In

id-encoding, jobs with the same characteristics are represented only once, and the number of jobs with

the same characteristics is represented by a binary number. Notice that id-encoding scheme has the

effect of significantly reducing the size of the input, making the problem harder to solve in polynomial

time as a function of the size of the input. The complexity of the problem under standard encoding

schemes (e.g., binary or unary) remained open until now. In this article, we show that this problem is

binary NP-hard.

Vairaktarakis and Lee [17] studied the problem )�*+*  ��! *  � ! . They gave a polynomial-time

algorithm when the set of tardy jobs is specified. As well, a branch-and-bound algorithm was given

for the general problem. Chen and Bulfin [2] mentioned that the complexity of this problem is open.

In this article, we show that this problem is also binary NP-hard.

The problem ) *+* max #$�%! & *  � ! has been studied by Shanthikumar [15]. He gave a polynomial-

time algorithm when the set of tardy jobs is specified. A branch-and-bound algorithm was also given

for the general problem. As remarked by Chen and Bulfin [2], the complexity of this problem is open.

Interestingly, the complexity of ).*+*0 "� ! * max# ��!'& is also open, see Chen and Bulfin [2]. In [3], Chen

and Bulfin gave heuristic and branch-and-bound algorithms for this latter problem.
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Further results about primary and secondary criteria scheduling problems can be found in Chen

and Bulfin [2] and Dileepan and Sen [4].

Our NP-hardness proofs are obtained by reductions from the Even-Odd Partition problem, which

is known to be binary NP-complete (see Garey and Johnson [7] and Garey et al. [8]).

EVEN-ODD PARTITION Given � � positive integers � ��� � ��� ������� � �	� where 
 ���  
�	�
!�� � ��! , is there a partition of the integers into two sets, 
 � and 
 � , such that



!������ ��! �



!������ ��! ��


where 
 � and 
 � each contains exactly one element of each pair #�� ����� ��� � ��� & , � � ) � � ������� � � ?

Notice that since each pair of integers, � ����� � and � ��� , must be put into two different sets, we can

add a constant ! � to each pair without changing the problem instance. By carefully choosing ! � , we

may assume that the given instance of Even-Odd Partition satisfies the following properties:

� � � 
�� �#" � �%$ max�	&'�(&)� 
�� ��� �*� ����� � � (1)

� ����� � �
����� �

!�� � ��! �

��� �

!�� � �

� ! "
��� �

!�� � �

� ! � � (2)

The organization of this article is as follows. In Sections 2 and 3, we will give the NP-hardness

proofs for ) *+*  	�!�*  "� ! and ) *+*  (��! *0 � ! , respectively. In the last section, we will draw some

concluding remarks.

2 Minimizing Total Completion Time Subject to Minimum + , �

In this section, we show that ) *'*  	�!�*  � ! is binary NP-hard. We shall show that the decision

version of this problem is binary NP-complete by reducing the Even-Odd Partition problem to it.

Given an instance of the Even-Odd Partition problem, � �-� � �.�/�����0� � �	� , where 
 �
��  

�	�
!�� � ��! ,

we create an instance 1 of the scheduling problem as follows. There are � �32 -jobs each of which
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corresponds to an integer in the Even-Odd Partition instance, � small � -jobs and a large � -job. The

processing times and due dates of these jobs are shown in Table 1, where

� � � � ����� � � 
�� � � � " � � 
�� ��� ��� � ��� � � (3)

for )�� � � � , and � is an integer greater than � 
 .

job processing time due date2 ����� � � ����� �  
��� �
��� � � � � "  ��� �

��� � � � " � � ��� �2 ��� � ���  
��� �
��� � � � � "  �

��� � � � " � � �
� � � �  

��� �
��� � � � � "  �

��� � � � " � � ��� �
� �  

�
��� � � � " 
 " �

Table 1: The processing times and due dates of the jobs in instance 1 .

Let the threshold for the total completion time be � , where

� �
�

! � � �

� ! $ 
�� �#" � � � � � "
�

!�� � �

� ! � � $ 
 � � � " ) � "
�

!�� �

� ! $ 
�� � " � � � � � " 
 � " ) ���
" )�

�

! � � 
��

� ! ��� � ! � � � �

0 P 4P

L

2a + x1 2na + x  n

2n−1P

4a

1P 3P R2nPnQ2QQ1

1a 1x x2 2n−1a xn3a

+ x2

2

Figure 1: Illustration of the due dates of jobs in instance 1 .
Figure 1 shows the due date pattern of the jobs. Call a schedule feasible if it has the minimum

number of tardy jobs. The decision problem asks: is there a feasible schedule with total completion

time less than or equal to � ?

The basic idea of the reduction is to create a 2 -job for each integer � ! , � small � -jobs each of

which has a due date between a pair of 2 -jobs, and a large � -job whose due date is the largest among
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all the jobs. By properly choosing the processing times and due dates of the jobs, we can show that in

any feasible schedule: (a) Exactly one job from each pair # 2 ����� ����2 ��� & must be tardy; (b) The � -jobs

must be on time; (c) The � -job must be on time and is scheduled after all the other on-time jobs and

before any tardy jobs; (d) The total processing time of the on-time 2 -jobs cannot exceed 
 . However,

to minimize total completion time, we need to have more even 2 -jobs to be on time. It can be shown

that every time we interchange a pair of even and odd 2 -jobs by making the even 2 -job tardy and the

odd 2 -job on time, the total completion time is increased by a quantity equal to the difference between

the processing times of the two jobs, which is exactly the quantity reduced in the total processing time

of the on-time 2 -jobs. Thus, the optimal solution is obtained when the total processing time of the on-

time 2 -jobs is exactly 
 . But this occurs only when there is a solution to the instance of the Even-Odd

Partition problem. Notice that the first three terms in the formula for � represent the total completion

time when all even 2 -jobs are on time (which does not yield a feasible schedule since the � -job will be

tardy). The last term is the minimum increase in total completion time when the total processing time

of the on-time 2 -jobs is reduced to 
 (which yields a feasible schedule since the � -job will then be on

time).

The next three lemmas prove the assertions made above.

Lemma 2.1 In any feasible schedule for the instance 1 , (a) there are exactly � tardy jobs, (b) the � -job

is on time and is scheduled after all the other on-time jobs, and (c) at least one job from each pair

# 2 ����� � ��2 ��� & must be on time.

Proof : We first prove (a), i.e., there must be � tardy jobs in any feasible schedule. As mentioned in the

Introduction, the Hodgson-Moore algorithm yields a schedule with the minimum number of tardy jobs. Thus,

it is sufficient to show that there are exactly � tardy jobs when the Hodgson-Moore algorithm is applied to the

instance
�
.

Recall that Hodgson-Moore algorithm schedules jobs in increasing order of their due dates. In the course

of scheduling, if a job misses its due date, then the job with the largest processing time among all jobs that are

currently in the schedule (including the job that misses its due date), will be picked out as a tardy job and deleted

from the schedule. We continue to schedule the next job until all jobs have been processed. Finally, we schedule

all the tardy jobs (that were deleted from the schedule) at the end, in any order.

For the instance
�
, we have ��� ����� �
	���� �
���'��	�������	������
� and �����
��	���� . Therefore, the jobs would be
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scheduled in the order of � � , � � , � � , ��� , � � , ��� , ����� , � �	�'� � , � � , � �	� , � by the Hodgson-Moore algorithm. It is

easy to see that � � and � � both meet their due dates, but � � will not. By (1) and (3), 	 � 	�
 � 	�
 � . Hence, � �
will be chosen as a tardy job. Suppose we have scheduled all the jobs � � ! � � , � ! and � � ! , where 
�����������
 ,
and all the even � -jobs, � � ! , 
�����������
 , had been chosen as tardy jobs and discarded from the schedule. If

we now schedule � ����� � , � � and � � � sequentially, then the completion times will be

� ���
��� � �
��� �
!
!�� � 
 � ! � ��"

��� �
!
!�� � 	 ! " 
 � ��� � 	

��� �
!
!�� � 
 � ! "

��� �
!
!�� � 	 ! " 
 � ��� � � ��� ����� �$#

� � �%�
��� �
!
!�� � 
 � ! � ��"

�
!
!�� � 	 ! " 
 � ��� � 	

��� �
!
!�� � 
 � ! "

�
!
!�� � 	 ! " 
 � ��� � � ��� �&#

and

� ���
�'�
��� �
!
!�� � 
 � ! � �("

�
!
! � � 	 ! " 
 ����� ��" 
 ���

)
�
!
!�� � 	 ! " 
 � ��� �(" 
 ���

)
�
!
!�� � 	 ! "

��� �
!
!�� � 
 � ! " 
 � � by (2)

� ��� �
�*�
Since � ��� misses its due date and it has the largest processing time among all the jobs currently in the

schedule, � ��� will be chosen as a tardy job. Therefore, the Hodgson-Moore algorithm will pick all the even

� -jobs as tardy jobs. For the � -job, the completion time will be�
!
! � � 	 ! "

�
!
!�� � 
 � ! � ��",+ 	

�
!
!�� � 	 ! "$-�".+ � ����#

so it is on time. Hence, the total number of tardy jobs is � . Thus, any feasible schedule for the instance
�

must

have exactly � tardy jobs.

Since the � -job has a large processing time, a job scheduled after the � -job must miss its due date. Hence,

all the other on-time jobs must be scheduled before the � -job. Thus, (b) also holds.

We use contradiction to prove (c): at least one job from each pair /0� ����� � #1� � �32 is on time. Suppose /0� ����� � #1� ���42
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is the first pair that are both tardy in a feasible schedule � . Consider now applying the Hodgson-Moore algorithm

to the job set consisting of all � -jobs, all � -jobs except /0� ����� � #1� � �32 , and the � -job. As shown in the proof of (a),

all the even � -jobs, � � ! , � 	�� , will be picked as tardy jobs by the Hodgson-Moore algorithm. If we schedule

/0� ����� � # � ��� � #1� ����� � 2 , then � ����� � and � ��� � will still be on time. However, the completion time of � ����� � is

��� �
!
!�� � 
 � ! � ��"

��� �
!
!�� � 	 ! " 
 ����� ��" 
 ����� � )

��� �
!
!�� � 	 ! " 
 ����� ��" 
 � ��� � �

By (2), 
 ����� � )�� �
!�� � 
 � ! . Thus, � ����� � will miss its due date. Since � � ��� � has the largest processing time

among all jobs currently in the schedule, it will be chosen as a tardy job. Using the same argument, we can show

that all even � -jobs are tardy. By assumption, � ����� � is also a tardy job. Thus, the total number of tardy jobs will

be � " 
 , contradicting our assumption that � is a feasible schedule. �

Lemma 2.2 In any optimal schedule, exactly one job from each pair # 2 ����� ����2 ��� & , )�� � � � , is tardy.

Proof : We shall prove by contradiction that one of � ����� � and � ��� must be tardy in any optimal schedule.

Suppose both are on time in an optimal schedule � . By the proof in Lemma 2.1, one job in /0� ����� � # � � #1� ���42 must

be tardy. Since � ����� � and � ��� are both on time, � � must be tardy. Consider now interchanging � � with � ����� �
(i.e., make � ����� � tardy and � � on time) to get a new schedule ��� . By (1) and (3), we have 	 � 	 
 � ��� � . On the

other hand, ��� � ) ��� �
���'� . So, � � meets its due date in �	� . However, �	� has a smaller total completion time

than � , contradicting our assumption that � is optimal. �

Lemma 2.3 In any optimal schedule � , no tardy job can be scheduled before the � -job.

Proof : By Lemma 2.1, we know that the on-time � -jobs and � -jobs are all scheduled before the � -job. The

total processing time of these jobs is at least �
�
!�� � 
 � ! � � " � �

! � � 	 ! . Suppose there is a tardy job scheduled

before the � -job. By Lemma 2.2, we know that it must be a � -job. Suppose this job is ��
 , where 
 ��� ��
 � .

Then the completion time of the � -job would be�
!
!�� � 
 � ! � �("

�
!
! � � 	 ! ".+ " 
�


)
�
!
! � � 
 � ! � ��"

�
!
!�� � 	 ! ",+ " 
 �

)
�
!
! � � 
 � ! � ��"

�
!
!�� � 	 ! ",+ "

�
!
!�� �

� 
 � ! ��
 � ! � ��� by (1)
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�
�
!
! � � 
 � ! "

�
!
! � � 	 ! ".+

) -�"
�
!
!�� � 	 ! ".+ �

Thus, the � -job will miss its due date. By Lemma 2.1, � can not be a feasible schedule. �

(b)

1 P4
P1 P 3 P2iQ2P2 P2i−1 Qi

Q1 P4Q2P2
P 3P1Qi P2i

G1 G2
G3

S

S’ P2i−1

R

n tardy jobs
(a)

2n + 1 on−time jobs

R

Q

Figure 2: (a) A feasible schedule of jobs in the instance 1 , (b) The schedule obtained from (a) by
interchanging 2 ��� with 2 ����� � .

According to Lemmas 2.1 and 2.2, in any optimal schedule, all the on-time jobs must be scheduled

before any tardy jobs. One can easily show that the on-time jobs must be scheduled in increasing order

of their due dates in order to be on time. For the tardy jobs, it can be shown (by interchange argument)

that in order to minimize the total completion time, they must be scheduled in increasing order of their

processing times, which is the same order as the due dates of the 2 -jobs. There are only two possible

configurations for each triplet # 2 ����� � � � � ��2 � � & , see Figure 2(a). We either have 2 ����� � and � � on time

and scheduled in this order, or we have � � and 2 ��� on time and scheduled in this order.

We now show that in order to minimize the total completion time, it is always better to pick � �
and 2 � � to be on time. Suppose there is a feasible schedule in which 2 ����� � and � � are on time and 2 ���
is tardy. We shall show that by changing the configuration to � � and 2 ��� on time (see Figure 2(b)), the

total completion time will be decreased by exactly � ��� ��� ����� � . We denote the original schedule as � ,

and the new schedule as � � . We use � � to denote the jobs scheduled before 2 ����� � in � , � � to denote

the jobs scheduled between � � and 2 ��� , and � � to denote the jobs scheduled after 2 ��� in � . It is easy

to see that there are � � � � jobs in � � .
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Note that for each job in � � and � � , its completion time in � � remains the same as in � . For each job

in � � , the completion time will increase by � ��� � � ����� � . So the total increase is 
�� � � � � 
	� ��� � � ����� � � .
The completion time of � � decreases by � � ��� � . The completion time of 2 � ��� � in � � is the same as the

completion time of 2 ��� in � . The completion time of 2 ��� in � � is larger than the completion time of2 � ��� � by � � " 
�� ��� ��� ����� � � . Thus, the total completion time of all jobs is decreased by:

� ����� � � 
 � � " 
�� ��� ��� ����� � � � � 
�� � � � � 
�� ��� ��� ����� � �
� � � ��� � � � � � 
�� � � � " ) � 
�� ��� �*� ����� � �
� 
�� � � � " � � 
�� ��� ��� ����� � ��� 
�� � � � " ) � 
�� ��� �*� ����� � � by (3)

� 
�� ��� ��� � ��� � � �

On the other hand, in order to ensure that the � -job is on time, we can not pick all the even 2 -jobs

to be on time. Suppose we pick all the even 2 -jobs to be on time. Then the completion time of the

� -job will be

�

! � � �

� ! "
�

!�� �

� ! " ��� 
 " �

!�� �

� ! " � � ��� �

Therefore, the � -job will miss its due date. So, we must choose some even 2 -jobs as tardy jobs. Let

� � be the total completion time when all the even 2 -jobs are on time. Then, we have � � � � "��  
�
!�� � 
�� � !�� � � ! � � � . As we have shown above, each time we interchange 2 ��� with 2 � ��� � , the total

completion time will increase by � ��� � � ����� � . At the same time, the completion time of the � -job

will decrease by exactly � ��� ��� � ��� � . So, if we can schedule the jobs such that the � -job completes at

exactly its due date, then the the total completion time has the minimum value � among all feasible

schedules, and the total processing time of all the on-time 2 -jobs is exactly 
 . This means that there

is a solution to the instance of the Even-Odd Partition problem if and only if there is a solution to the

instance of the scheduling problem.

From the above discussions, we have the following theorem.

Theorem 1 The problem )�*+*, 	 !�*- "� ! is binary NP-hard.
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3 Minimizing Total Tardiness Subject to Minimum + , �

In this section, we show that the Even-Odd Partition problem can be reduced to the decision version

of the ) *'*  (�%! *  "��! problem. Given an instance of the Even-Odd Partition problem, we create an

instance 1 1 of the scheduling problem as follows. There are � � 2 -jobs and a � -job. The processing

times and due dates of these jobs are shown in Table 2, where � is an integer greater than 
 .

job processing time due date2 ����� � � ����� �  
�
��� � � � � " � $ 
	� ��� ��� ����� � �2 ��� � ���  
�
��� � � � �

� � 
 " �

Table 2: The processing times and due dates of the jobs in the instance 1 1 .

0

a
4a

2na  

2n−1P2P 1P 2nP

L

R4P 3P

2

Figure 3: Illustration of the due dates of jobs in the instance 1 1 .

The due date pattern of the jobs are shown in Figure 3. Let the threshold for the total tardiness be

� , where

� �
�

� � �

�
� "

�

��� ��� � �

� � "
�

��� � �

� � � � � � $ 
	� ��� ��� ����� � ��� " )� $
�

� � � 
��

��� �*� ����� � � �

The decision problem asks: is there a schedule with the minimum number of tardy jobs such that

the total tardiness is less than or equal to � ?

The basic idea of the reduction is similar to that in Section 2. For every pair of even and odd2 -jobs, one of them must be on time and the other must be tardy. The � -job must be on time. To

minimize total tardiness, it will be more advantageous to schedule all even 2 -jobs to be on time and all

odd 2 -jobs to be tardy. But if all even 2 -jobs are on time, then the � -job will miss its due date by 
 .

To ensure that the � -job is on time, the total processing time of all the on-time 2 -jobs cannot exceed
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 . The total tardiness will attain its minimum, � , when the total processing time of all the on-time2 -jobs is exactly 
 . Thus, there is a solution to the instance of the Even-Odd Partition problem if and

only if there is a solution to the instance of the scheduling problem.

The next lemma proves the assertions made above.

Lemma 3.1 In any feasible schedule for the scheduling problem instance 1 1 , (a) there are exactly �

tardy jobs, (b) the � -job is on time and all the on-time 2 -jobs are scheduled before the � -job, (c)

exactly one job from each pair # 2 ����� � ��2 ��� & , ) ��� � � , is tardy, (d) all tardy jobs are scheduled after

the � -job.

Proof : We prove (a) by showing that there are � tardy jobs when the Hodgson-Moore algorithm is applied

to the instance
� �

. For the instance
� �

, we have ��� �
� 	 ��� ����� � 	������
��� � and �����
� �'��	 ��� . Therefore, the jobs

would be scheduled by the Hodgson-Moore algorithm in the order of � � , � � , ��� , ��� , ����� , � �	� , � �	� � � , � . It is

easy to see that � � meets its due date, but � � will not. Since 
 � 	 
 � , � � will be chosen as a tardy job by the

Hodgson-Moore algorithm. Suppose we have scheduled all the jobs � � ! and � � ! � � , where 
 �.�%�.��� 
 , and all

the even � -jobs, � � ! , 
 ��� ������
 , were chosen as tardy jobs. Consider now the scheduling of � ��� and � ����� � .
The completion times will be

� ���
� �
��� �
!
!�� � 
 � ! � �(" 
 ��� 	

��� �
!
!�� � 
 � ! " 
 ��� � ��� �
� #

and

� ���
��� � �
��� �
!
!�� � 
 � ! � ��" 
 ����� �(" 
 ���

)
��� �
!
!�� � 
 � ! � ��"

�� ��� �
!
!�� �

� 
 � ! � �'" 
 � ! ���� " 
 ��� by (2)

� 

��� �
!
!�� � 
 � ! � ��"

�
!
!�� � 
 � !

) 
 � ����
 ��� 
 ��" �
!
!�� � 
 � !

) � � �,
 	 �	& ! &)� � 
 � ! ��
 � ! � � ��" �
!
!�� � 
 � ! by (1)

) ��� �
���'�&�
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Since � ����� � misses its due date and since � ��� has the largest processing time among all jobs in the current

schedule, � ��� will be chosen as a tardy job. Therefore, the Hodgson-Moore algorithm will pick all the even

� -jobs as tardy jobs. For the � -job, the completion time will be�
!
!�� � 
 � ! � ��",+ 	 -�".+ � ��� #

so it is on time. Hence the total number of tardy jobs is � , concluding the proof of (a).

Since the � -job has a large processing time, a job scheduled after the � -job must miss its due date. Hence,

all the other on-time jobs must be scheduled before the � -job. This proves (b).

By (a) and (b), all tardy jobs are � -jobs. In order to prove (c), it is sufficient to prove that at least one job

from each pair /0� ����� � #1� � � 2 must be on time. We shall prove this by contradiction. Suppose /0� ����� � #1� ���42 is the

first pair such that both jobs are tardy in a feasible schedule � . Consider now applying the Hodgson-Moore

algorithm to the job set consisting of all � -jobs except / � � ��� � #1� ��� 2 , and the � -job. It is easy to see that all jobs

� � ! , � 	 � , are picked as tardy jobs. If we now schedule /0� ����� � #1� ����� �02 , then � ����� � will still be on time. However,

the completion time of � ����� � is

��� �
!
!�� � 
 � ! � ��" 
 � ��� �(" 
 ����� � �

By plugging in (2) and (1), one can easily show that � ����� � will miss its due date. Since � ����� � has the largest

processing time among all jobs in the current schedule, it will be chosen as a tardy job by the Hodgson-Moore

algorithm. Using the same argument, we can show that all even � -jobs are tardy. By assumption, � � ��� � is also a

tardy job. Hence, the total number of tardy jobs will be � " 
 , contradicting our assumption that � is a feasible

schedule.

We prove (d) also by contradiction. As we have shown, all the on-time � -jobs must be scheduled before

the � -job. The total processing time of these jobs is at least �
�
!�� � 
 � ! � � . Suppose � 
 is a tardy job scheduled

before the � -job, where 
 ��� ��
 � . Then the completion time of the � -job would be�
!
!�� � 
 � ! � ��".+ " 
�


�
��
- � 





�
!
! � �

� 
 � ! ��
 � ! � � � �� ".+ " 
�
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� -�".+ "
��

 
 � 





�
!
!�� �

� 
 � ! ��
 � ! � � � ��
) -�".+ �

Thus, the � -job will miss its due date. By Lemma 3.1, � can not be a feasible schedule. �

3

4P2

P4P2 P2iP2i−1 P1 P 3

P2i−1P2i P 3

S

S’ P1

(a)
n + 1 on−time jobs n tardy jobs

R

R

(b)

G G G
1 2

P

Figure 4: (a) A feasible schedule of the jobs in instance 1 1 , (b) The schedule obtained from (a) by
interchanging 2 ��� with 2 ����� � .

By Lemma 3.1, we know that in any feasible schedule, all the on-time 2 -jobs are scheduled before

the � -job and all the tardy 2 -jobs are scheduled after the � -job. It is easy to see that all the on-time2 -jobs must be scheduled in increasing order of their due dates; otherwise, some of them will miss

their due dates. For the tardy jobs, we can show (by interchange argument) that the total tardiness is

minimized by scheduling them in increasing order of their due dates, which is also the same order as

their processing times. By Lemma 3.1, there are only two possible choices for each pair # 2 � ��� ����2 ��� & ,
either 2 ����� � is on time and 2 � � is tardy, or 2 � ��� � is tardy and 2 ��� is on time.

We now show that in order to minimize the total tardiness, it is always better to pick 2 ����� � as a

tardy job. Suppose a feasible schedule picks 2 ��� as a tardy job. We shall prove that by interchanging2 � � with 2 ����� � , the total tardiness will be decreased by � ��� � � ����� � . We denote the original schedule

as � , and the new schedule as � � . We use � � to denote the jobs scheduled before 2 ����� � in � , � � to

denote the jobs scheduled between 2 ����� � and 2 ��� , and � � to denote the jobs scheduled after 2 � � in � ;

see Figure 4. Since all jobs scheduled before the � -job are on time, there are exactly 
�� � ) � tardy jobs

in � � .
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Note that this interchange will not change the completion time and consequently the tardiness of

the jobs in � � and � � . For each tardy job in � � , the tardiness will be increased by � ��� �3� ����� � . So,

the total increase in tardiness of jobs in � � is 
���� ) � 
�� ��� � � ����� � � . The completion time of 2 ����� � in

� � is the same as the completion time of 2 ��� in � . However, since ��� ����� � � ��� ��� " � $ 
	� ��� � � ����� � � ,
the tardiness of 2 ����� � in � � is � $ 
�� ��� � � ����� � � less than that of 2 � � in � . In total, the total tardiness is

decreased by 
�� ��� ��� ����� � � .
On the other hand, in order to ensure that the � -job is on time, we can not pick all the even 2 -jobs

as on-time jobs. Suppose we pick all the even 2 -jobs. Then the completion time of the � -job will be

�

!�� � �

� ! " � � ��� " )�
�

!�� � 
��

� ! ��� � ! � � � �

and hence the � -job will miss its due date. So, we must choose some odd 2 -jobs as tardy jobs. Let � �
be the total tardiness when we pick all odd 2 -jobs as tardy jobs. Then,

� � �
�

� � � � � �����'�

�
�

� � �

�
� "

�

��� � �

� � "
�

��� � �

� � � � �
� �

��� � �

� � " � $ 
�� ��� ��� ����� � � �
�

�

� � �

�
� "

�

��� ��� � �

� � "
�

��� � �

� � � � � � $ 
�� � � ��� ����� � � � �

Thus, we have � � � � " ��  
�
!�� � 
�� � !�� � � ! � � � . As we have shown above, each time we interchange2 � � with 2 ����� � , the total tardiness will increase by � ��� ��� ����� � . At the same time, the completion time

of the � -job will decrease by exactly � ��� � � ����� � . So, if we can choose the on-time jobs such that the

� -job completes at exactly its due date, then the total tardiness has the minimum value � among all

feasible schedules, and the total processing time of all the on-time 2 -jobs is exactly 
 . This means that

there is a solution to the instance of the Even-Odd Partition problem if and only if there is a solution

to the instance of the scheduling problem.

From the above discussions, we have the following theorem.

Theorem 2 The problem )�*+*, ��! *- � ! is binary NP-hard.
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4 Conclusion

In this article we have shown that ) *'* 	
! *  ��! and ) *+* ��! *  ��! are both binary NP-hard. It is not

known whether they are unary NP-hard, or that they can be solved in pseudo-polynomial time. The

complexity of ) *+* max#$��!'& *  � ! and ) *+*  � ! * max#$��! & remain open. These issues represent major

challenges for future research.
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